[4] A. A. Davydov, "Constructions and families of covering codes and saturated sets of points in projective geometry," IEEE Trans. Inform. Theory, vol. 41, pp. 2071-2080, Nov. 1995 , "Constructions and families of nonbinary linear codes with covering radius 2," IEEE Trans. Inform. Theory, vol. 45, pp. 1679-1686, July 1999 [6] A. A. Davydov and P. R. J. Östergård, "New quaternary linear codes with covering radius 2," Finite Fields Appl., vol. 6, pp. 164-174, 2000. [7] , "On saturating sets in small projective geometries," European J. Combin., vol. 21, pp. 563-570, 2000 
I. INTRODUCTION
One of the interesting objects of algebraic coding theory is cyclic codes. Many problems connected with these codes are open. Even the simplest case-binary cyclic codes with minimal distance three-is still far from a complete classification (see [4] and [5] ). In the recent papers [8] and [9] , binary sequences with so-called trinomial properties were considered. We say that a binary sequence a a a = (a 0 ; a 1 ; . . . ; a n01 ) of length n = 2 m 0 1 has the trinomial property if there is (at least) one pair of positive integers, k and`, where 0 < k;`< n; such that a i + a i+k + a i+`= 0 for all i; i 2 f0; 1; . . . ; n 0 1g, where the indices are taken modulo n. The purpose of this correspondence is to set a one-to-one relation between these two problems, i.e., between binary-cyclic codes with the minimal distance three and binary sequences with trinomial properties. In Section II, we consider binary sequences with trinomial properties and characterize such sequences in terms of cyclic codes with minimal distance three. In Section III, we construct families of such sequences explicitly. Section IV is devoted to disproving the conjecture from [9] that any nonlinear binary sequence of period n = 2 m 0 1, where m is prime, has no trinomial property. Finally, in Section V, we construct infinite families of binary nonlinear sequences which have no trinomial properties.
In this correspondence, a codeword is an element of the vector space F n 2 . A code is a subspace of F n 2 . The distance between two codewords will always be the Hamming distance. So the weight of any codeword x = (x 1 ; . . . ; x n ) will be the Hamming weight wt (x) = n i=1
x i . The dual of any binary linear code C of length n is defined by means of the standard scalar product C ? = fy 2 F n 2 j z 1 y = 0; z 2 C g (1) where z 1 y = n i=1 z i y i , z = (z 1 ; . . . ; z n ), and y = (y 1 ; . . . ; y n ). In this correspondence, we consider elements of R n and, as usual, we identify the sequence (or vector) Definition 1 (cf. [8] and [9] where the indexes are taken modulo n and k;`are positive integers.
II. ON BINARY SEQUENCES WITH
Let us mention that in [8] and [9] , Golomb and Gong further assumed that the (smallest) period of a a a is n. Define the following sets. For given k and`; 0 < k;`< n; let S(k;`) = fa a a 2 R n ja a a has the (k;`) trinomial propertyg:
Since evidently S(k; k) = f0 0 0g and S(`; k) = S(k;`); it is natural to define S = fS(k;`) j0 < k <`< ng: b has that property. Therefore, the set S(k;`) is a linear space. By definition it is cyclic. Thus, S(k;`) is a cyclic code.
Theorem 1:
We denote by hh(x)i the cyclic code generated by h(x), i.e., the ideal of R n generated by h(x). Then S(k;`) = hgcd ( and so Theorem 1 has also the following corollary (see [9, where 1 < k <`< n and k 6 = n=3, then a a a has at least two distinct trinomial pairs.
Proof: If (k;`) is a trinomial pair for a a a, so too are (`; k) and (`0k; n0k). These three pairs are equivalent only if there are integers i and j such that`=2 i k and`=(2 j +1)k and thus only if i=1; j = 0; = 2k; and n = 3k. satisfies both the equation ai + ai+5 + ai+10 = 0 and the equation a i +a i+3 +a i+4 = 0. Thus, (5; 10) and (3; 4) are two distinct trinomial pairs of a a a.
It should be noted that in
Theorem 2: Let S be the set previously defined by (2) . Then S is the union of all cyclic codes C in R n such that C ? contains at least one codeword of weight 3.
Proof: Let E denote the union of all cyclic codes C in R n satisfying 9b(x) 2 C ? : wt (b(x)) = 3:
i) Assume first that a a a belongs to E. Then there is a cyclic code C in R n such that a a a is in C and so there is an element b(x) of C ? of weight three. If
hen for any i from f0; 1; . . . ; n 0 1g we have
and, therefore, for each i a i + a k+i + a`+ i = 0
which means that a a a 2 S(k;`) and so a a a 2 S.
ii) Assume now that a a a 2 S. Then there are k and`such that for each i the equality (3) is valid. Denote by C(k;`) the linear subspace of R n generated by all cyclic shifts of the trinomial 1 + x k + x`. By construction, C(k;`) is a cyclic code and in Rn each element of C(k;`) is divisible by 1 The following theorem yields a large set of cyclic codes with codewords of weight three. It essentially was given in [4] and [5] and in case r = 1, in a different form, in [8] and [9] . mi(x):
ii 
The inverse statement follows easily from (5).
Thus we have a complete description of all sequences with the (ub; uh) trinomial property. 
ii) Assume that among all r for which (6) is valid, there is r 0 such that gcd (r 0 ; u) = 1. Then, if u divides k then u divides`.
Proof:
i) If a a a has the (k;`) trinomial property then, according to Theorem 2, there is a cyclic code which contains a codeword b(x) of weight three: b(x) = 1 + x k + x`. This means that there is an integer r such that r is a root of b(x).
ii) Assume that u divides k. Let k = uk 0 and = u be a primitive element of F 2 . We suppose, moreover, that there is an integer r 0 ; 0 < r 0 < n; gcd (r 0 ; u) = 1; such that 1 + r uk + r`= 0:
Let 1 + rk = `. As = u , we have that
Comparing (7) and (8) we conclude that r 0`= u`0. Since gcd (r 0 ; u) = 1;`is divisible by u. 
IV. FOURIER TRANSFORM OF SEQUENCES
Recall that Im denotes a set of representatives of all distinct 2-cy- Denote by H(a a a) the set of such h. Then, the sequence a a a is produced by a function of the form (9) where the Aj are the Fourier coefficients of a(x). Moreover, a a a is a codeword of the code C J (a a a) , which is the smallest binary-cyclic code containing a a a. The sequence a a a has the trinomial property if and only if the code C H (a a a) contains a codeword of weight 3. According to Theorem 2, the proof is completed.
V. ON GOLOMB'S AND GONG'S CONJECTURE
In this section we assume that a( n01 ) 6 = 0, i.e., 1 where Tr, the trace function from F 2 to F2, has the trinomial property.
Proof: By using Maple, one obtains the factorization of U 281 (x).
There are exactly six minimal polynomials of degree 17 dividing U 281 (x). They are Proof: First, it is clear that if C1;t has no codeword of weight 3 then U t (x) has no root in F 2 except 0 and 1. Let be a root of U t (x) which is not in a proper subfield of F 2 . Thus, one can construct a set S of roots of Ut(x) whose cardinality is at most 6m. It is composed of the elements of the orbit of under the group generated by the permutations on F 2 ; 7 0! 01 and ; 7 0! ( + 1) and of their conjugates (see [9, Lemma 2] ). We have to examine the cases where the cardinality of S is strictly less than 6m. We denote by Conj () the set of the conjugates of , for some in F2 . Note that, by hypothesis, Conj () has m elements. Our conclusions are coming from the basic properties of the factorization of trinomials which can be found in [7, Ch. 5] .
Suppose that ( + 1) 2 Conj()-i.e. there is k such that Since the permutations and , above defined, do not change the degree of minimal polynomials we conclude that S is the union of six distinct sets of conjugates; so the cardinality of S is exactly 6m. Now the degree of Ut(x), which is t 0 1, must satisfy t 0 1 6m. But 0 and 1 are roots of U t (x), so we obtain t 0 3 6m as a necessary condition for to be a root of U t (x); this contradicts the hypothesis on t. We conclude that C1;t has no codeword of weight 3. whose rational points correspond to codewords of weight less than or equal to 4. They used the following result (see [11, Theorem A]). The next theorem is the main result given in [11] . Proof: According to Corollary 3 and Theorem 6, the code C 1;t has minimum distance at most 4. Moreover, since we assume that t < 6m + 3 with m prime, we can apply Lemma 2. We conclude that C 1;t has no codeword of weight 3; its minimum distance is exactly 4.
Now consider a sequence a a a produced by fa a a (x). Then a a a is a codeword of the cyclic code C ? 1;t;k ;...;k (see Lemma 1) . If the sequence a a a has trinomial property then C 1;t;k ;...;k contains codewords of weight 3;
this is impossible because this code is contained in the code C1;t. 
